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Fig. 3 Response with adaptive output feedback controller: a) space-
craft attitude θ and b) fuel slosh angle λ.

Fig. 4 Computed model inversion error ∆ and its NN estimate νad.

slowly decaying fuel sloshing. This slow decay is attributed to the
fact that the only mechanism for absorbing the fuel motion, while
the spacecraft attitude is almost constant, is the small friction force.
The adaptive controller eliminates the excitation of the sloshing
mode and dramatically reduces its effect on the attitude response.
This is illustrated in the insert at the top of Fig. 3, which shows a
small decaying oscillation with an amplitude of about 0.075 deg at
80 s. The performance of the adaptive element is shown in Fig. 4,
which shows a close match between the computed model inversion
error � and the adaptive signal νad.

Conclusions
This Note presents a nonstandard feedback linearization scheme

that can enhance model-inversion-based control design paradigms.
This scheme is examined in conjunction with a recently published
direct output feedback design approach for nonlinear SISO sys-
tems with known relative degree. The controller synthesis comprises
the proposed feedback linearization scheme coupled with a linear
compensator design and an adaptive NN-based element used to
reduce the effect of model inversion errors. Prior knowledge or
partial information about the open-loop system dynamics can
be incorporated in the design through the proposed lineariza-
tion procedure. Consequently, the design of the linear compen-
sator can be simplified, usually leading to lower-order compen-
sators. This feature is particularly important for systems with
relative degree greater than two, where the linear design step
can be challenging. The stability proof provides important design
and parameter tuning guidelines, which are instrumental in en-
suring uniform ultimate boundedness of the closed-loop system
errors.
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Guidance of Unmanned
Air Vehicles Based on Fuzzy

Sets and Fixed Waypoints
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I. Introduction

T HE problem of guidance and control of unmanned aerial ve-
hicles (UAVs) has become a topic of research in recent years.

Typical projected UAV operations such as surveillance, payload de-
livery, and search and rescue can be addressed by waypoint-based
guidance. Automatic target recognition, for instance, requires that
the aircraft approach the possible target from one or more desired
directions. In a highly dynamic cooperative UAV environment, the
management system, either centralized or decentralized, may switch
the waypoint set rapidly to change an aircraft mission depending on
external events, pop-up threats, etc.; the new waypoint set may be
ill-formed in terms of flyability (maximum turn rates, descent speed,
acceleration, etc.). Although fuzzy logic methods have been applied
in the past—see for instance Ref. 1, where Mamdami rules were
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used—traditional proportional navigation2 techniques preclude the
specification of a desired waypoint’s crossing direction, possibly
producing flight paths that are not feasible for a generic UAV. The
present Note describes an alternate guidance scheme for path plan-
ning and trajectory computation by specifying the waypoint position
in space, crossing heading, and velocity. The procedure is based on
a fuzzy controller that commands the aircraft, via its autopilot, to
approach a specified set of waypoints. The use of a fuzzy approach,
as sopposed to other methods, is justified by the current interest
in generating additional intelligence onboard autonomous vehicles.
Since the implementation of fuzzy guidance systems (FGS) may
become very expensive in terms of computational load, the present
approach is based on Takagi–Sugeno fuzzy sets,3 known for their
limited computational requirements. As standard practice in most
guidance studies,4 a simple first-order dynamic model for the autopi-
loted aircraft dynamics is used in the controller design phase. Sim-
ulation results, which show the behavior of the proposed guidance
structure using the simple first-order model and a fully nonlinear
aircraft model with LQG–LTR-based autopilots, are included.

II. Aircraft Modeling and Control
The aircraft guidance problem is addressed by assuming the pres-

ence of an inner autopilot loop for tracking commanded velocity,
flight path, and heading, as well as providing adequate disturbance
rejection and robustness. The outer-loop FGS generates a reference
for the autopilots in order to reach the desired waypoint. It is as-
sumed that the aircraft plus autopilot model can track desired ve-
locity, flight path angle, and heading angle with first-order dynamic
behavior, given as follows:

V̇ = kv(Vd − V ), γ̇ = kγ (γd − γ ), χ̇ = kγ (χd − χ) (1)

where the state vector is given by velocity V and flight path γ , and
heading χ angles, x̄ = [V γ χ ]T , and the inputs are the desired
state [Vd γd χd ]T , with the gains k(·) being positive constants.5,6

Metric units are used, with angles expressed in degrees.

III. Fuzzy Guidance
The overall guidance scheme has two components: a waypoint

generator (WG) and the actual fuzzy guidance system. The desired
trajectory is specified in terms of a sequence of waypoints without
any requirement on the path between two successive waypoints. A
waypoint is described using a standard right-handed Cartesian refer-
ence frame (Xw, Yw, Hw), and the desired crossing speed and head-
ing angle (Vw, χw) are used to obtain a preferred approaching direc-
tion and velocity; thus the waypoint belongs to a five-dimensional
space W . The WG holds a list of waypoints in five dimensions,
checks aircraft position, and updates the desired waypoint when the
previous one has been reached within a given tolerance. The way-
point generator’s only task is to present the actual waypoint to the
FGS. Since the main purpose of the work was the validation of a
fuzzy-set guidance law, no dead-reckoning or navigational errors
were included; rather a tolerance “ball” was included around the
waypoint, defining that as actual target reached.

Between the WG and the FGS, a coordinate transformation (single
rotation) is performed to convert Earth-fixed-frame position errors
into waypoint-frame components. Each waypoint defines a coor-
dinate frame centered at the waypoint position (Xw, Yw, Hw) and
rotated by (χw) around the H -axis. The coordinate transformation
allows the synthesis of a fuzzy rule-set valid in the waypoint-fixed
coordinated frame, which is invariant with respect to the desired
approach direction (χw). When a waypoint is reached, the next one
is selected, the actual reference value W is changed, and the rotation
matrix is updated to transform position and orientation errors into
the new waypoint coordinate frame.

As described earlier, the aircraft autopilots were designed to track
desired airspeed and heading and flight path angles [Vd γd χd ]T ,
using decoupled closed loop inner dynamics, and so three indepen-
dent Takagi–Sugeno fuzzy controllers were synthesized to constitute
the FGS. The first generates the desired flight path angle γd for the

Fig. 1 Complete fuzzy guidance and control diagram.

autopilot using altitude error eH = Hw − H as

γd = fγ (eH ) (2)

The second computes desired aircraft velocity:

Vd = Vw + fV (V − Vw) = Vw + fV (eV ) (3)

The third is responsible for the generation of the desired heading
angle (χd) using the position errors along the X and Y axes in the
current waypoint-frame (ew

Xc, ew
Y c) and the heading error eχ . A fuzzy

rule-set designed at a specified trim airspeed value could yield insuf-
ficient tracking performance when the desired waypoint crossing-
speed (Vw) differed significantly from V . To accommodate large
values of (V − Vw) and to investigate at a preliminary level the ef-
fect of disturbances, modeled as vehicle’s speed differential with
respect to waypoint crossing-speed (Vw), a speed-correlated scale
coefficient of position error was introduced. Let us define

Rot(χw) =




cos

(
χw + π

2

)
sin

(
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)
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The position errors in the fixed waypoint coordinates frame are given
by [

ew
X

ew
Y

]
= Rot(χw) ·

[
Ew

X

Ew
Y

]
= Rot(χw) ·

[
X − Xw

Y − Yw

]
(5)

The velocity-compensated position errors (ew
Xc, ew

Y c) are defined by
[

ew
Xc

ew
Y c

]
= S(V w, V ∗)

[
ew

X

ew
Y

]
, with S(V w, V ∗) = V ∗

V w

(6)

where V ∗ represents the airspeed value used during FGS member-
ship rules design. In this way, position errors, used by the FGS to
guide the aircraft toward the waypoint with desired approach direc-
tion, are magnified when V w (requested waypoint crossing-speed)
is larger than V ∗ or reduced otherwise. Equation (6) may diverge
if V w goes to zero; however, this is not an operationally relevant
condition because the requested waypoint crossing-speed should
be defined according to aircraft flight parameters. The definition of
the parameter S denotes a new degree of freedom in the FGS tun-
ing process and may also be defined using a nonlinear function of
(V w, V ∗) provided that S = 1 when V w = V ∗. Finally, the desired
heading angle produced by fuzzy controller is

χd = χw + fχ
(
ew

Xc, ew
Y c, eχ

)
(7)

The schematic of the overall system is shown in Fig. 1.

IV. Fuzzy Guidance Design
The fuzzy guidance system is based on a Takagi–Sugeno fuzzy

systems (see Refs. 3 and 5) model described by a blending of fuzzy
if–then rules. Using a weighted average defuzzifier layer each fuzzy
controller output is defined as follows:

y =
∑m

k = 1 µk(x)uk∑m
k = 1 µk(x)

(8)

where µi (x)ui is the i th membership function of input x to i th fuzzy
zone. The membership functions are a combination of Gaussian
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Fig. 2 General form for the membership functions on the error plane
XY.

curves of the form

f (x, σ, c) = e−(x − c)2/σ 2

The general shape in the activation areas is shown in Fig. 2. Refer-
ence 6 contains the complete listing of all of the fuzzy rules used to
create the fuzzy controllers.

The fuzzy rules were defined according to the desired approach
direction and the angular rate limitations of the aircraft. The fuzzy
knowledge base was designed to generate flyable trajectories using
the maximum linear and angular velocities and accelerations that
are typical of a small propeller-engine aircraft.7−9

The FGS provides different desired flight path and heading angle
commands for different values of distance from the waypoint. The
altitude and velocity controllers are implemented using a Takagi–
Sugeno model directly. For the altitude, the input is the altitude error
eH = H − Hw and the output is the desired flight path angle γd . Input
and output are mapped with four fuzzy sets each:

If eH is N∞ then γd is P20: for big negative errors.
If eH is Ns then γd is P2: for small negative errors.
If eH is Ps then γd is N2: for small positive errors.
If eH is P∞ then γd is N20: for big positive errors.

Here the generic output constant PX represents the output value X
and the constant NX represents the output value −X .

The velocity controller is similar to the altitude controller. Three
input fuzzy sets are used for the velocity error eV and three for the
resulting �Vd output:

If eV is N∞ then �Vd is P10: for negative errors.
If eV is ZE then �Vd is P0: for near to zero errors.
If eV is P∞ then �Vd is N10: for positive errors.

Here the generic output constant PX represents the output value X
and the constant NX represents the output value −X .

Guidance in the horizontal (X–Y ) plane is more complex. The
horizontal plane fuzzy controller takes its input from scaled position
errors (ew

Xc, ew
Y c) and heading error eχ . The error along the X axis is

coded into five fuzzy sets:
N∞: for big negative lateral errors.
Ns : for small negative lateral errors.
ZE: for near exact alignment.
Ps :for small positive lateral errors.
P∞: for big positive lateral errors.

Three sets (Ns, Z E, Ps) are also defined for the Y w axis error (ew
Y c):

ZE = aircraft over the waypoint, NS = waypoint behind the aircraft,
and PS = waypoint in front of the aircraft. Finally, the heading error
is coded into seven fuzzy sets. In the application of Eq. (8), the m
fuzzy rules are grouped into S groups, each with K rules: m = SK .
In the present work we used S = 15 and K = 7. The S groups cor-

respond to S areas on the XY plane. From the preceding,

y = 1
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Equation (9) can be simplified as
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S∑

i = 1
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(11)
Fixing (ew

Xc, ew
Y c) in the middle of the Pth zone under the assumption

that the contribution from the other zones is near zero yields

y|
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= µ̄
xy
P

(
ew

X P
c
, ew

Y P
c

) · δ
χ

P(eχ ) +
S∑

i = 1
i �= P

µ̄
xy
i

(
ew

Xc, ew
Y c

) · δ
χ

i j (eχ )

∼= µ̄
xy
P

(
ew

X P
c
, ew

Y P
c

) · δ
χ

P(eχ ) (12)

Equation (12) shows that, once the fuzzy sets for the position errors
(ew

Xc, ew
Y c) are fixed, the definition of fuzzy sets for eχ should be com-

puted by looking first at each area on the XY plane and then adding the
cumulative result. Under this assumption, seven fuzzy sets were de-
fined for the heading error eχ : [Nb, Nm, Ns, Z E, Ps, Pm, Pb]. With
S = 15 groups, each with K = 7 fuzzy membership functions, a to-
tal of 105 rules must be then defined. In fact, only 70 rules were
defined, the fuzzy interpolation feature was explotted for the miss-
ing rules. Reference 6 contains the complete listing of all the fuzzy
rules used to create the fuzzy controllers. Figure 3 shows the mem-
bership functions for eχ and Fig. 4 shows those for ew

Xc and ew
Y c. The

S fuzzy areas are shown in Figs. 4 and 5 by the level contours F of
the membership functions µ

xy
i (ew

Xc
, ew

Yc
); that is,

F
(
ew

Xc
, ew

Yc

) = max
i = 1..S

µ
xy
i

(
ew

Xc
, ew

Yc

)
(13)

The fuzzy sets were designed assuming a fixed aircraft velocity
V ∗ = 25 m/s, whereas the scaling factor S(V w, V ∗), defined in
Eq. (6), makes it possible to manage different waypoint crossing
speeds V w . Figure 5 shows, as an example, the different approach
trajectories to the waypoint at a velocity of 38 m/s; the figure presents
a magnification of the waypoint area that highlights how the scal-
ing factor has enlarged the fuzzy areas with respect to the nominal
velocity case, thus inducing larger turn radii.

Fig. 3 Membership functions for eχ.
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Fig. 4 Membership functions for ew
Xc and ew

Yc and contour plots of µxy
i (ew

Xc
, ew

Yc
).

Fig. 5 Contour plots of µxy
i (ew

Xc
, ew

Yc
) scaled membership functions.

V. Simulation Results
The fuzzy guidance system was tested first with the simple

linear decoupled model and then with a fully nonlinear autopi-
loted aircraft model. The latter model is a jet-powered YF-22
scale aeromodel with a PC-104 onboard computer. The nonlin-
ear mathematical model and its LQG–LTR autopilots can be found
in Pollini et al.10 and Napolitano.11

The first two simulations presented in this section describe two
nonplanar trajectories. In the first example, the aircraft is driven
to waypoint W1; then to align with W2; then to W3, that is, 150 m
lower in altitude and very near to W2 on the (X, Y ) plane; and finally
to W4 at altitude 100 m with a desired approach angle rotated by
(π/2) from the previous waypoint. Figure 6 shows the resulting
trajectory.

The simulation results show that the required descent from W2

to W3 is too steep for the dynamic characteristics of the aircraft, as
defined in the design phase of the fuzzy rule-set. When the aircraft
reaches the X, Y coordinates of W3 its altitude is still high, and it
turns to come back to the waypoint at the prescribed altitude. The
aircraft begins a spiral descent, centered on the waypoint vertical
axis, decreasing altitude with the descent rate limitation given by
the FGS, until the waypoint altitude is reached; it then proceeds to
the next one. In this particular case, a half turn is enough to reach the
altitude of W3; thus, when the desired altitude is reached, it holds it
and successfully crosses the waypoint to proceed to waypoint W4.
The maneuver was completely generated by the FGS once it rec-
ognized that W3 could not be reached directly under the maximum
acceleration design constraints.

In the second example, the guidance system produces a trajectory
that is intended to take the aircraft from takeoff to landing following
a sequence of 10 waypoints. The results are shown in Fig. 7. In
this case, W2 is not directly reachable from W1, and a rerouting is
developed by the FGS.

In both the examples, the alternate flight paths necessary to reach
waypoints 3 and 2, respectively, were successfully derived by the
fuzzy controller and were not prescribed a priori as described in
Ref. 1, for instance.

In the last simulation, the FGS was applied to the YF-22 scaled
aeromodel described in.10,11 A reference model, based on Eq. (1),
and appropriate rate limiters on the three FGS outputs were inserted
between the FGS and the autopiloted aircraft to shape the desired
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Fig. 6 Simulation of a four-waypoint trajectory.

Fig. 7 Takeoff to landing trajectory (all units in meters).

Fig. 8 YF-22 scale model simulation: trajectory.

Fig. 9 YF-22 scaled model simulation: roll angle.

dynamic response. Because an altitude-hold autopilot was already
present, the fuzzy altitude controller fγ (eH ) was disabled, and the
waypoint altitude HW output of the WG was used directly as ref-
erence for the aircraft’s own autopilot. Figure 8 shows the sample
trajectory defined by four waypoints at different altitudes. The air-
craft correctly crosses the four waypoints, whereas a little altitude
drop is noted during turns. Figure 9 shows the roll angle of the
aircraft during the flight.

VI. Conclusions
This Note presents a five-dimensional waypoint-based fuzzy

guidance system (FGS) for unmanned aircraft vehicles. Computer
simulations show that the aircraft correctly crosses all waypoints
in the specified order. The FGS deals with unflyable waypoints as
well, driving the aircraft on flyable trajectories that try to cross the
waypoints at the prescribed altitude and with the prescribed head-
ing. The guidance system, although not designed for rejection of
atmospheric disturbances, was shown to be able to define flyable
trajectories, even in the presence of a speed differential between the
initial trim conditions and the waypoint crossing speed.
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I. Introduction

S INCE its first appearance, the Takagi–Sugeno (TS) fuzzy model
theory1 has proven useful in the description of nonlinear dy-

namic systems as a means of blending of models obtained by local
analysis. Such descriptions are referred to as model-based fuzzy sys-
tems (MBFS). In addition, the TS approach can be used for the syn-
thesis of fuzzy gain-scheduled controllers. The stability of MBFS
was studied by Hallendorn et al.,2,3 who defined a stability test by
imposing some conditions on the local control laws. The present
work describes a new stability criterion, which relaxes the bounds
in Ref. 3, yielding a less conservative condition. Two case studies
are presented comparing the use of off-equilibrium vs equilibrium
grid points and fuzzy vs crisp scheduling.

II. Modeling and Control
Consider a nonlinear continuous and continuously differentiable

system of the form

˙̄x = f (x̄, ū), ȳ = x̄ (1)

where x̄ ∈ �n, ū ∈ �m , and f : �n × �m → �n . We wish to design
a controller capable of following some desired trajectory (x̄r , ūr ),
where x̄r is a differentiable, slowly varying state trajectory and ūr

is the nominal input necessary to follow the unperturbed x̄r state.2,3

Let us define a subset XU ⊂ �n + m of the system’s state and input
spaces as a bound on all of the possible state and input values. Let
us also define a set of operating points as (xi , ui ) ∈ XU, i ∈ I with
I set of all positive integers that form a regular (or irregular) grid
J in the trajectory space. Linearization of Eq. (1) about all of the
points in J yields

Ai = ∂ f

∂x

∣∣∣∣
(xi ,ui )

, Bi = ∂ f

∂u

∣∣∣∣
(xi ,ui )

(2)

resulting in perturbed dynamics about the linearization points given
by

˙̄x = Ai (x̄ − x̄i ) + Bi (ū − ūi ) + f (x̄i , ūi ) = Ai x̄ + Bi ū + d̄i

d̄i = f (x̄i , ūi ) − Ai x̄i − Bi ūi (3)
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Fig. 1 Example of fuzzy rule set.

When the linearized systems (3) are interpolated through a TS
model, a nonlinear approximation of Eq. (1) is obtained, given by

˙̄x ∼= f̂ (x̄, ū) =
∑
i ∈ I

µi (x̄, ū) · (Ai x̄ + Bi ū + d̄i ) (4)

A fuzzy control law for system (4) is also designed as a gain-
scheduling controller based on a TS model. Under the hypothesis
of controllability for all (Ai , Bi )∀i ∈ I and being all of the states
measured, full-state feedback linear control laws can be synthesized
and interpolated through a fuzzy TS system yielding

ū = ūr +
∑
j ∈ I

υ j (x̄, ū) · K j [(x̄ − x̄ j ) − (x̄r − x̄ j )]

= ūr +
∑
j ∈ I

υ j (x̄, ū) · K j [x̄ − x̄r ] (5)

In Eqs. (4) and (5) the expressions µi , υ j represent the TS linear
membership functions relating the input variables to the fuzzy do-
main described by IF-THEN-ELSE rules consequent. The fuzzy
system membership functions are chosen such as they constitute a
convex sum over the input range XU. An example is shown in Fig. 1.

Substituting Eq. (5) in Eq. (4), the closed-loop perturbed system
dynamics become

˙̄x − ˙̄xr =
∑

i

µi (x̄, ū) ·
{

Ai + Bi

[∑
j

υ j (x̄, ū)K j

]}
(x̄ − x̄r ) + ε

ε =
∑

i

µi (x̄, ū) · (Ai x̄r + Bi ūr + d̄i ) − ˙̄xr (6)

Note that the term
∑

i Ai x̄r is added and subtracted so that the matrix

∑
i

µi (x̄, ū) ·
{

Ai + Bi

[∑
j

υ j (x̄, ū)K j

]}
(7)

gives the dynamics of the perturbation from the desired trajectory.
Also, from the definition of d̄iε represents the error with respect to
x̄r as a result of the approximation of f with the TS model.

III. Stability Analysis
Let us now derive the asymptotic stability conditions of the TS

fuzzy gain-scheduling controller around (x̄r , ūr ).
Definition: Given the grid point set J and any linearized dynam-

ics (Ai , Bi ), i ∈ J, Ji is defined as the set of all indexes m of the
neighbourhood points of (x̄i , ūi ), whose controllers Km have a non-
negligible influence over (Ai , Bi ).


